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Abstract 

Double field theory is an approach for massless modes of string theory, unifying and geometrizing all 
gauge invariance in manifest 0(D,D) covariant manner. In this approach, we derive off-shell con¬ 
served Noether current and corresponding Noether potential associated with unified gauge invariance. 
We add Wald-type counter two-form to the Noether potential and define conserved global charges as 
surface integral. We check our 0(1), D) covariant formula against various string backgrounds, both 
geometric and non-geometric. In all cases we examined, we find perfect agreements with previous 
results. Our formula facilitates to evaluate momenta along not only ordinary spacetime directions but 
also dual spacetime directions on equal footing. From this, we confirm recent assertion that null wave 
in doubled spacetime is the same as macroscopic fundamental string in ordinary spacetime. 
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For out of olde feldes, aas men seith, 
Cometh al this newe corn fro yeer to yere; 

And out of olde bokes, in good feith, 
Cometh al this newe science that men lere. 

— Geoffrey Chaucer 


1 Introduction and Summary 


String theory is known to possess enormous (possibly infinite-dimensional) symmetry that goes beyond 
the scope of conventional field theories. Double Field Theory (DFT) [ lJ-Q] is a new approach for keeping 
manifest the (M-valued extension of) O( D, D) T-duality symmetries as well as unifying and geometrizing 
all gauge invariance of the massless fields in string theory. It dispenses full-fledged string theory while re¬ 
taining theory’s most salient features, so the approach offers a novel and effective method for investigating 
stringy characters and gaining physical insights to intricacies of the string theory. 

The novelty of DFT is doubling the spacetime dimensions at the benefit of geometrizing all gauge 
invariance of the graviton, Kalb-Ramond, and Yang-Mills fields (further the equations of motion are in¬ 
variant under a constant shift in the dilaton field). These massless fields live in this doubled spacetime; 
not only vacuum configuration but also physical excitations above the vacuum extend through the doubled 
spacetime. Yet, the theory should be constrained such that actual mechanical degrees of freedom live on 
a middle-dimensional subspace of the doubled spacetime. Therefore, the DFT poses a novel question for 
how Noether currents associated with asymptotic symmetries of the massless fields and global charges 
associated with then - physical excitations are measured in the doubled spacetime in O (D,D) covariant 
manner Q. This work constitutes the answer we found for this question. 

To be specific, we shall proceed with the Lagrangian formulation of the ‘heterotic’ DFT, whose field 
contents include the NS-NS sector coupled to Yang-Mills [jftlM] ( c.f j8- 10]). Our main result is summa¬ 
rized by the 0(D, D)-covariant expression of a generic conserved global charge, spelled in Eq. (l3.55l ). 
which we copy here: 


Qtotal[-^] ( p d XAB ^ 

dM 


- 2 d r [AB] + 2 x [a B b] + -^-Tr jl2 {PTP) [AB V c] Xc^ 


( 1 . 1 ) 


The first two terms in the integrand correspond to the NS-NS sector DFT version of the Noether (or Komar) 


'By the O (D, D) covariance of DFT, we just mean the counterpart to the GL(D) covariance of gravity. 
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potential and its counter-correction a la Wald [ 1 l4l3U. The last term is the contribution of the Yang-Mills 
sector that is coupled minimally to the DFT. Using this formula, we can compute conserved global charges 
such as mass, doubled translational momenta, and angular momenta. We could also study the asymptotic 
symmetry algebra, which we relegate to a future work. 

In gauge and gravity theories, symmetry currents and conserved charges play important roles in an¬ 
alyzing classical and quantum dynamics. In the Hamiltonian formulation, the Arnowitt-Deser-Misner 
(ADM) [14] approach constructs these conserved charges, which are related to Hamiltonian surface terms 
that should be added to constraints for well-defined Hamiltonian generators. Using this approach, their 
algebras were studied in a variety of contexts 11511 . 

In Lagrangian formulation with a well-defined action functional, which was developed after the Hamil¬ 
tonian formulation, the conserved currents are derived by the Noether theorem and the global charges are 
obtained as hypersurface integral of the current densities. However, proper Lagrangian formulation of 
symmetry currents and conserved charges are often complicated by the background vacuum configuration 
and also by fall-off behaviour of dynamical excitations. This is because global symmetry is defined by the 
asymptotic symmetry set by the orbit of gauge or diffeomorphism transformations at infinity with the com¬ 
mon asymptotic behaviour. In other words, a specific choice of the asymptotic boundary condition puts 
the true local symmetries to a subset of the full gauge or diffeomorphism group. If the quotient of the full 
gauge or diffeomorphism transformation by this subset is nontrivial, it defines the asymptotic symmetries 
associated with the chosen boundary conditions. For some representative works that touch on these issues 
in various dimensions and that deals with physical implications, see, for example, [16] - [2QQ. 

The Lagrangian formulation for the symmetry currents and conserved charges [21] has the advantage 
of manifest covariance. In this formulation, however, the action may in general contain boundary terms, 
which play an important role. Though not contributing to the equations of motion, the surface terms 
contribute to setting boundary conditions. Accordingly, the asymptotic symmetries depend sensitively on 
the boundary terms in the action. Here is a good place to recall them in the context of the ordinary metric 
formulation of gravity. The well-defined variational principle that yields the Einstein’s equation is provided 
by the Einstein-Hilbert action, 


/ = 


1 


167tG/v 


f V=gR(g) + 2 / V\h\(K~K 0 

UY, d JdZ d 


( 1 . 2 ) 


Here, Lj is a general pseudo-Riemannian manifold with metric g as the second fundamental form, <9L,/ is 
a (spacelike, lightlike or timelike) boundary of Y.,/ with induced metric h. The surface term, the Gibbons- 
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Hawking termj§ allows its variation to counter off variations of the derivative of the metric so that Dirichlet 
boundary condition for the metric suffices. 

The action is not just for facilitating equations of motion as the condition for stationary configuration. 
Associated with large diffeomorphism gauge transformations, one can construct conserved Noether cur¬ 
rents and global charges from the action. The global gauge transformations have support at asymptotic 
boundary dMd-i of a timelike or lightlike hypersurface Md-i in Y,/. However, in order to be able to 
express them as surface integrals at dMd- 1 , the metric should additionally obey Dirichlet boundary condi¬ 
tion at dMd- 1 - For instance, in asymptotically flat spacetime, the action must maintain the property that a 
physical excitation belongs to stationary configuration under all possible variations preserving asymptotic 
flatness. 

With the Gibbons-Hawking surface term alone, the action renders its on-shell variation a non-zero 
surface term. However, the hypersurface where the requisite counterterm is embedded is forced to fluctuate 
and so its variation is no longer well-defined. This difficulty can be lifted by replacing the Gibbons- 
Hawking term by a new counterterm which is a local function of boundary metric and Ricci curvature 
only and hence independent of an embedding. A concrete proposal along this direction was put forward in 
asymptotic flat spacetime [22] - [24] and in asymptotic (anti) de Sitter spacetime [25]. Such counterterm 
renders a well-posed variational principle for all deformations of the metric consistent with asymptotic 
flatness. Furthermore, such a counterterm also facilitates the computation of conserved global charges in a 
procedure similar to that of Brown and York 12711 . 

To explain the Noether currents and conserved global charges, i.e. (O ). in a self-contained manner 
and to apply them to various known string theory backgrounds, we organized this paper as follows. In 
section [2l we first review the semi-covariant formulation of DFT, closely following the formulation devel¬ 
oped in I28 h 31I1. The formalism based on the semi-covariant derivative and its complete covariantization 
is essential to decode our results. Section [3] contains main results of this paper. We first derive an off-shell 
conserved Noether current, J A (13.261) . and corresponding Noether potential, K AB (13.271) . which originates 
from the generalized diffeomorphism invariance of DFT. Meanwhile, we also identify the DFT extension 
of the off-shell conserved Einstein curvature tensor, V,\G AI! = 0 (13.131) . We then follow the prescription 


by Wald 11 4l3TI (see also |[32, 33]). Introducing counter corrections, we modify the off-shell conserved 
Noether current and the potential, J A (13.361) . K AB (13.371) . The integration of the modified Noether current 
defines the 0(77, D)-covariant conserved global charge. After finishing our analysis on the pure NS-NS 


sector DFT, we generalize to include Yang-Mills [ifij, 0| as well as cosmological constant. In section [4] we 


2 See 12611 for a DFT extension of Gibbons-Hawking term. 
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apply our general result to various known backgrounds, which include fundamental string [340, Reissner- 
Nordstrom black hole, black five-brane [L35 ] and linear dilaton background [36]. We find perfect agreement. 


We further consider genuine DFT (or stringy) backgrounds such as null-wave in doubled spacetime [37] 
and non-Riemannian background BIO . We evaluate their - momenta along not only ordinary spatial or tem¬ 
poral directions but also dual directions. We confirm the assertion of Berkeley, Berman and Rudolph [ 37 ] 
that a massless null wave in doubled spacetime is identifiable with a macroscopic fundamental string in 
ordinary spacetime. 

In the Appendix, we relegated some useful technical formulae and detailed analysis of the asymptotic 
fall-off behaviour at infinity. 


Note added: While we were finishing this paper, we became aware of the work by C. Blair 38], which 
also studies conserved charges in DFT. 


2 Review: Semi-Co variant Formulation of Double Field Theory 


We begin with self-contained review of the semi-covariant formulation of the bosonic DFT for the NS-NS 
sector [28, 29] and also the Yang-Mills sector |6, b|]. They constitute the massless modes of string theory 


at leading order in string coupling perturbation theory. For further extensions beyond the leading order, 
we refer readers to [39] for fermions, [40] for the R-R sector, and [41-43] for the (gauged) maximal and 
half-maximal supersymmetric completions!]] 

The DFT is defined over the doubled, (D + 79)-dimensional spacetime. Denote the 0(79,79) vector 
indices by capital Latin letters, A,B,C , • • • = 1, 2, ■ ■ • , 79+79. There exists a unique 0(7), D) invariant 
constant metric, 


Jab = 


0 1 


1 0 


(2.1) 


Using this invariant metric, we freely raise and lower the 0(79,79) tensor indices. 

1 1n particular, thanks to the twofold spin groups, i.e. Spin(l,9) x Spin(9,1), the distinction between IIA and IIB disap¬ 
pears 14111 , and the maximal D = 10 supersymmetric double field theory unifies IIA and IIB supergravities. 
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The actual physics is realized in D-dimensional subspace. As the DFT starts with doubled (D + I))- 
dimensional spacetime, this doubled spacetime must be projected appropriately. We do this by imposing 
the property that the doubled coordinate system satisfies local equivalence relations 130.13111. 


x A ~ x A + 4>(x)d A ip(x ), 


( 2 . 2 ) 


which was termed as ‘coordinate gauge symmetry’. In (12.21 ). <j>{x) and ip(x) are arbitrary smooth functions 
in DFT. Each equivalence class or each gauge orbit defined by the equivalence relation (12.21) represents a 
single physical point, and diffeomorphism invariance refers to a symmetry under arbitrary reparametriza- 
tions of the gauge orbits. 

The equivalence relation (12.21) is realized in DFT by enforcing that arbitrary functions and their arbi¬ 
trary derivatives, denoted here collectively by <f>, are invariant under the coordinate gauge transformations 
shift, 


<S>(x + A) = <f>(rc) 


A" 4 = i tj)d A (p. 


(2.3) 


The coordinate gauge symmetry can be also realized as a local Noether symmetry on a string world- 
sheet |31]. 


The symmetry under the coordinate gauge transformation (12.31) is equivalent (;. e. necessary [30] and 
sufficient 11311 1) to the section condition |50, 


d A d A = 0. 

Acting on arbitrary functions, <1>, <3?', and their products, the section condition leads to 


(2.4) 


(),\l) A <I> = 0 (weak constraint), d A <hd A 4 1 ' = 0 (strong constraint) 


(2.5) 


Diffeomorphism transformation in the doubled-yet-gauged coordinate system is generated by a gener¬ 


alized Lie derivative 


fl 


441 


45D. Acting on //-indexed field, it is defined by 


C x T Al -A n := X B d B T Al ... An +uj T d B X B T Al ... An +y^Xd Ai X B -dBX Ai )T Al ... Ai _ 1 B Ai+1 ... An . (2.6) 


i— 1 


Here, u T denotes the weight of the T field. In particular, the generalized Lie derivative of the 0(1). I)) 
invariant metric is trivial, 

tx Jab = 0. (2.7) 
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The commutator of the generalized Lie derivatives is closed by the C-bracket | lj,|3[], 


Ay , 


= C 


[X,Y] 


C ’ 


[X, Y]q = X B d B Y A - Y B d B X A + \Y B d A X B - \X B d A Y B 


( 2 . 8 ) 

In the NS-NS sector, dynamical contents of the DFT consist of the dilaton, d(x), and a pair of the 
projection fields Pa B , Pab, obeying the properties 

Pab = Pba, Pab = Pba, P a b Pb C = p£, Pa B Pb C = P£- (2 ‘ 9) 

Further, the projection fields are orthogonal and complementary: 


Pa b Pb c = 0, Pa b Pb u = 0, Pab + Pab = Jab • 


.Bp C _ 


( 2 . 10 ) 


The two projection fields are not independent, since 

Pa B + Pa B = Ja B . (2.11) 

The dynamical contents are contained (in addition to the dilaton) in the difference of the projection fields 

Pab — Pab = Pab- (2.12) 


This is the well-known generalized metric |5], which can be also independently defined as a symmetric 
0(D, D) element having the properties 


Pab = Pba and Pa B Pb C = ■ 


(2.13) 


The projection fields and dilaton are naturally in the string frame. To facilitate the O (D,D) invariant 
integral calculus, we assign the scaling weight of these fields as 


u[P] =co[P] = 0, (jj[e~ 2d ] = 1 


(2-14) 


The central construction of the DFT starts with the senri-covariant derivative, defined by [28, 29] 

n 

X C PA 1 A 2 -A n := dcT Al A 2 -A n - W T r S BC T Al A 2 -A n + ^ TcA i B TA 1 ...A i - 1 BA i+1 -A n , ( 2 -15) 


2=1 
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The connection is defined by |29f] j 


Tcab = 2 ( PdcPP) [AB] + 2 {P [A D Pr\ E - P[a D Pb] E ) d D P E c 

(2.16) 

~Th ( Pc[aPb] D + Pc[aPb] D ) ( d D d + ( Pd E PP) [ED] ) , 

Below, we shall elaborate the uniqueness of this connection. The semi-covariant derivative obeys the 
Leibniz rule and annihilates the 0(1). D) invariant constant metric: 

VaJbc = 0. (2.17) 

Unlike the Levi-Civita connection in the Riemannian Einstein gravity, the diffeomorphism transfor¬ 
mation (12.61 ) cannot put the connection (12.161) to vanish pointwise in doubled spacetime. One may view 
this as failure of the equivalence principle. This is not surprising since it is know that in string theory the 
equivalence principle no longer holds due to the Kalb-Ramond field and the dilaton field. 

The semi-covariant Riemann curvature calculates the field strength of the connection (12.161 ): 

Sabcd := \ ( Rabcd + Rcdab — r E abPecd) ■ (2.18) 

Here, Rabcd denotes the ordinary Riemann curvature associated with the connection: 

Rcdab = Qa^bcd — ds^ACD + r ac E ^bed — r bc E Faed ■ (2.19) 


A crucial defining property of the semi-covariant Riemann curvature is that, under arbitrary variation 
of the connection (12.161 ). its variation takes the form total derivative 12911 , 


SSabcd = V{ A 5T B ]cd + V[c8T D ] AB . ( 2 . 20 ) 

Further, the semi-covariant Riemann curvature satisfies precisely the same symmetric properties as the 
ordinary Riemann curvature, including the Bianchi identity, 


Sabcd = S[ab][cd] = Sc dab , 


S[ABC]D — 0. 


( 2 . 21 ) 


4 In this review of the bosonic DFT. we focus on the above ‘torsionless’ connection ( 12. 161 . Yet, in supersymmetric DFT, it is 
necessary to include torsions in order to ensure the T.5 formalism’ 0fl|. 















In addition, when projected by P , P, the semi-covariant Riemann curvature obeys identities [29], 


Pi a Pj b Pk c Pl d Sabcd = 0, Pi a Pj b Pk c Pl d Sabcd = 0, 


(.pABpCD + pABpCD^ SAcBD = Q 


( 2 . 22 ) 


Pi a Pj c P bd S A bcd = Pi a Pj c P bd S A bcd = \Pi a Pj c S AC ■ 

As in the Riemannian case, we also define the semi-covariant Ricci curvature as the trace part of the 
semi-covariant Riemann curvature, 

Sac ■= SabcdJ BD = Sabc B , (2.23) 

However, unlike the Riemannian case, the above Bianchi identities imply that the Ricci curvature is trace¬ 
less 

Sa a = S ab ab = 0. (2.24) 

The alluded connection (12.161 ) turns out to be the unique solution to the following five requirements 

fl: 


Va-Pbc = 0, S/ a Pbc = 0, 


(2.25) 


V A d = -±e M V A (e- 2d ) = d A d + \V B BA = 0, 


(2.26) 


r abc + r acb = o, 


(2.27) 


r ABC + TbcA + Tcab = 0 , 


(2.28) 


'Pabc def ^'def = 0, Vabc def ^def = 0. 


(2.29) 


The first two relations, (12.251) . (12.261) . are the compatibility conditions with all the geometric objects -or 
the NS-NS sector- in DFT. The third constraint (12.271) is the compatibility condition with the 0(79,79) 
invariant constant metric, (12.171 ). which is also consistent with (12.101) and (12.251) . The next cyclic property, 
(12.281) . makes the semi-covariant derivative compatible with the generalized Lie derivative as well as with 
the C-bracket, 


Cx{d) = C X (V ), [X,y]c(d) = [*,51c(v), 


(2.30) 
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The last conditions (12.291 ) assert that the connection belongs to the kernel of the triple-projection fields 
Vabc DEF , Vabc DEF ■ They are properties of the connection (12.161) which completes to ensure the 
uniqueness. 

The triple-projection fields carrying six indices, Vabc DEF . Vabc DEF , used in (12.291 ). are explicitly 
given by 

Vcab DEF := Pc D P[a [E Pb] F] + Th P C[APB] [E P F]D , 

(2.31) 

Pcab DEF := Pc D P{a [E Pb] F] + i ^PciaPb^P^ , 

which satisfy the ‘projection’ properties, 

Pabc def 1>def ghi = Vabc gui , Pabc def Pdef gh ‘ = Pabc ghi • <232) 

They are symmetric and traceless, 

PaBCDEF = PdEFABC , PaBCDEF = Pa[BC]D[EF] ) P ab Pabcdef = 0 , 

(2.33) 

PaBCDEF = PdEFABC 1 PaBCDEF = Pa[BC]D[EF] ) P ab Pabcdef = 0 . 

The triple-projection fields describe anomalous part of the semi-covariant derivative and the semi¬ 
covariant Riemann curvature under the generalized diffeomorphism transformations. From 

(8x-£x)Tcab = 2[(V + V) C ab FDF - d F d [D X E] , (2.34) 

it is straightforward to see that the generalized diffeomorphism anomalies arc all given by the triple¬ 
projection fields, 

n 

(Sx-CxWcTAv-An = E 2 (P+'P)cA i BDEF dpd E X F r Al ... A ._ lBA . +1 ... An , 

i =1 

(5.y — Cx)Sabcd = 2V [ A ({'P+'P) b)[cd) EFG d E d F XG^ + 2X[c{[V+'P)D][AB} EFG dEd F X ( ^j. 

(2.35) 

Flence, one can easily project out the anomalies through appropriate contractions with the triple-projection 
fields. 
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The fully covariant derivatives are obtainable by further projections, 


P C D P Al Bl - 

■ • -PA n Sn V dTb 1 -b ti , 

P C D Pa, B i - 

■ • PA n Bn VDTB!-B n , 


P AB P C1 D1 ■ 

• ■ Pc n Dn VATBDt-Dr, , 

P AB P C1 D1 ■ 

' ' Pc n Dn ^ATBDi-Dn 

(divergences), 

P AB P C1 D1 • 

’ ’ Pc n Dn ^ aV BT Dl ...D n , 

P AB P C1 D1 ■ 

■ ■ Pc n Dn V A V B T Dl ...D n 

(Laplacians), 


(2.36) 

Correspondingly, fully covariant Ricci curvature and fully covariant curvature scalar are □ 

Sab '■= Pa C Pb D S C ed E = Pa C Pb D S C d = ( PSP)ab (Ricci curvature), 

(2.37) 

5 := (pACpBD _ pACpBD^ SABcD ( scalar curvature). 

Because of the triviality of the semi-covariant scalar curvature, Sa A = Sab AB = 0 (12.241) . hereafter we 
use the calligraphic font to denote the nontrivial Ricci curvature and scalar curvature, ‘ Sab , S’. 

A remark is in order at this point. As an alternative to the semi-covariant approach described above, 
from the outset, one may wish to postulate a “perfectly well-behaving” connection, say Tqab, such that 
it would transform as (Sx~P x)Pcab = — 2dcd^X B ^ instead of (12.341) and hence there would be no 
diffeomoiphism anomalies like (12.351) . Yet, this is most likely not true in generic DFT, since such a “per¬ 
fect” connection cannot always be constructed solely out of the NS-NS sector. It requires extra unphysical 
degrees of freedom or “undetermined” part |47j]. After projecting them out, the final results would be 
reduced to the semi-covariant formalism. 


We now extend the semi-covariant DFT formulation to YM sector. For a given Lie algebra-valued 
vector potential, Va, the semi-covariant YM field strength is defined by 


Tab := V A V B - V B V A - i[V A , V B \ • 


(2.38) 


5 For the torsionless connection ( 12. 1 6b . the following identities hold as for the completely covariant scalar curvature, 
P AB pCD SACBD = p ab Sacb° = —P AB P CD Sacbd = -P AB Sa CB C . 


However, it is the expression in 12.371 that ensures the T.5 formalism’ in the supersymmetric DFTs with torsions 114lL 14211 . 
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Unlike the Riemannian torsionless case, the connections above are not cancelled but yields non-derivative 
and non-commutator contribution. 


As seen from the generic formula (12.351) . the semi-covariant YM field strength is not completely co¬ 
variant but rather semi-covariant under diffeomoiphisms. Again, the anomalous paid is parametrized by 
the triple-projection fields, 

(Sx ~ tx)T A B = -2{V + P) C AB DEF d D d [E X F] V c • (2.39) 

Thus, following the general prescription (12.36b . the completely covariant YM field strength is 

(PPP)ab = -(PPP)ba = Pa C Pb D T C d . (2.40) 

The YM gauge transformation is realized by the action 


V A 

-A gVkg 1 - i(d A g)g 1 , 


Fab — 

-A gJUsg -1 + iT c AB{d C g)g~ l , 

(2.41) 

(PFP)ab - 

-A g(PPP) A Bg- 1 ■ 



One finds that a two-derivative scalar fully invariant with respect to both the diffeomorphism and the YM 
gauge transformations is 

TV [( PPP) AB (PJ 7 P) ab } = Tr [P AC P BD P AB F C d\ . (2.42) 

Clearly, there appear doubled off-shell degrees of freedom in the (D+D) -component gauge potential. In 
order to halve them, if wanted, we may impose the ‘gauged section condition’ 17[: 

(d A -iV A )(d A -iV A ) = 0, (2.43) 

which, along with the original section condition (12.41) , implies V A d A = 0, 8aV a = 0, VaV a = 0. Here, it 
is implicit that the connections are in an irreducible representation of the fields that the covariant derivative 
acts on. 

For consistency, the condition (12.431 ) is preserved under all the symmetry transformations: O (D,D) 
rotations, diffeomoiphisms (12.61 ) and the Yang-Mills gauge symmetry (12.411) . 
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We can construct the DFT action J DFT for the NS-NS sector coupled to YM sector and cosmological 
constant as 


Dift — 


c 


DFT ; 


^DFT — C* 


+ £ Y m — 2Ae 


NSNS T <-YM 


-2d 


(2.44) 


'Yd 


where the integral is taken over a D-dimensional section or their ‘manifold-like’ patch, E/> Here, A 
denotes the DFT-cosmological constant [290. The fully invariant Lagrangian densities are given for each 
sector by 


£nsns = e- 2d (P AC P BD - p Ac p BD ) Sabcd = e~ 2d s , 


c™ = &YM e_2rf Tr [P AC P BD T AB Tcd\ . 


(2.45) 


At the outset, one needs to impose appropriate section condition. Up to 0(D, D) duality rotations, the 
solution to the section condition is locally unique. It is a D-dimensional section, S/j, characterized by the 
independence of the dual “winding” coordinates, 

d 


dx, 


= 0 . 


(2.46) 


Here, the Greek letters are D-dimensional indices on the section E#. In this foliation, the whole doubled 
coordinates are given by 


x A = {x^x v ) 


(2.47) 


To perform the ‘Riemannian’ reduction onto the D-dimensional section, T,p, one only needs to parametrize 
the projection fields and the dilaton in terms of a D-dimensional Riemannian metric, G lw , an ordinary dila- 
ton, 4», and a Kalb-Ramond two-form potential, 7i //jy 


/ 


%ab := Par - Par = 


\ 


\ 


„-2 d 


/ 


G~ l —G~ 1 B 

BG- 1 G — BG~ l B 

The DFT scalar curvature (12.37b reduces upon the section condition to 

S| Si5 = Rg + 4A«h - - ^H Xflv H x ^ 

where H Xfll , := 3 d^B^y 


= VWV 


- 2 $ 


(2.48) 


(2.49) 
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Up to field redefinitions, Eq. (12.48l ) is the most general parametrization of the “generalized metric”, 
Hab = Pab ~ Pab , of which the upper left D x D block is non-degenerate. 

The parametrization of the doubled YM vector potential reads from [6], 


V A = 




^ T Bfu/ i p l/ 


(2.50) 


of which the .D-dimensional vector, ip x , which is in the YM adjoint representation can be put trivial upon 
the ‘gauged section condition’ (12.431) U. For the consequent expression of the completely covariant YM 
field strength in terms of ip x and .4 /( , we refer readers to (3.19) and (3.21) of Id]. 

When the upper left (D x D) block of the generalized metric is degenerate -where G~ 1 is positioned 
in (12.481) — the Riemannian metric ceases to exist upon the section, So (12.461) . Nevertheless, the O (D. D) 
DFT and a doubled sigma model lull have no problem with describing such a non-Riemannian back¬ 
ground, as long as the generalized metric is a symmetric O (D, D) element, satisfying Pab = Pba and 


Pa R Pr' = 4 j ■ We refer readers to ||3 111 for a concrete example (see also a math literature [46]). 


,C_iC 


3 Off-shell Noether Current, Noether Potential and Global Charge 

In this section, we take the DFT of NS-NS sector coupled to YM sector and systematically derive off- 
shell conserved Noether current as well as the corresponding Noether potential which originate from the 
generalized diffeomorphism gauge invariance. We then construct global charges, expressed in terms of 
surface integral of modified Noether current that follows from appropriate surface term in the DFT action. 
We shall first present the construction for the NS-NS sector and later incorporate the YM sector. 


3.1 Noether analysis on DFT of NS-NS sector 

Recall that dynamical field contents of the NS-NS sector DFT arc the projection field Pab and the dilaton 
field d. Under variation of these fields, variation of the DFT Fagrangian (12.451 ) takes the structure 0 


4Xnsns = -2 6de~ 2d S + 4 e~ 2d (P6PP) AB (PSP)ab + d A 


e~ 2d O A 


(3.1) 


'’Note that SPab = (PSPP)ab + (PSPP)ab- 
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where (-)' 1 in the last surface term denotes 

0 A := 2(P ac P bd - P AC P BD )5Y bcd ■ (3.2) 

For infinitesimal variations, (13.11 ) yields the equations of motion for the projection field, respectively, 
the dilaton field: @ 


S = ( p A Cp B D _ pACpBD )SABCD „ 0 j ( PSP) {AB) = P {A C Pb) D S C D - 0 . < 3 - 3 > 


So, on the shell, the Lagrangian vanishes: the on-shell action would be given entirely by a surface term 
one may add to it. 

The variation of the connection in (13.2b is given by [29], 


5T C ab = 2P [ b P b e ] V c 5P de + 2(P^P B f - P E P E )V D 5P EC 
-t£i(Pc[aPe?] + Pc[ A P$){d D 8d + P E[G V G 5P E D] ) 


-r FDE s(v + v) C ab fde ■ 

The last line does not contribute to (13.21) as, from (12.291) and (12.331) . the following projection properties 
follow: 


P cb T fde 6(V + P)cab fde = -P CB (V + V) C ab fde 6T fde = 0, 

P cb T fde 5(V + V)cab fde = -P CB (V + P)cab fde 5T fde = 0 . 

Using also the relations 


(3.5) 


P bd 5T bcd = 2P c B d B 5d - V b 6P bc , P bd 5T BC d = 2 P c B d B 5d + V B 5P BC , 
5T C abP cf P bg = ( PV) f (P8PP)a g + {PV) A {P5PP) EG - (PV) G (P6PP) F A , (3 ‘ 6) 

5T CAB P CF P BG = (PV) g (PSPP) a f - {PV) F (P6PP) G A - ( PV) A (PSPP) GF , 

7 Note the equivalence, Pa C Pb°Scd - 0 « P(a C Pb) D Scd — 0. 
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we can simplify 0' 1 into the form 

& A (d , P, 6d, SP) = 4(P - P) AB d B 5d - 2 V B 6P AB . (3.7) 

Consider now arbitrary generalized diffeomorphism gauge transformations. They are generated by the 
generalized Lie derivatives, so 

6 x d = C x d = X A d A d-\d A X A = -\X A X A , 


4x^.4 b = CxPab = X c d c P AB + (d A X c - d c X A )P CB + (d B X c - d c X B )P AC 

(3.8) 


= (V A X C - X C X A )P CB + {VbX c - X C X B )P AC 


= 2(PV) {A (.P X) b) - 2 {PV\ A {PX) B) . 

These equations give the 0(77, 77)-covariant Killing equations in DFT: 


V A X A = 0 


and 


(PV) A (PX) B - (PX) B (PX) A = 0. 


(3.9) 


From (13.81) . it also follows that the connection transforms as [29] 

SxT CAB = CxTcab + 2{(v + V)cab FDE - ScS A S B ] d F d [D X E] . (3.10) 

This is in fact the generic variation (13.41 ) when restricted to the generalized diffeomorphism gauge trans¬ 
formations. 

To derive off-shell conserved Noether current, we start with the covariance of the weight-one La- 
grangian under the general diffeomorphism gauge transformation: 


£x£ NS ns — 9a {X a C NSNs) • 


(3-11) 


It gives the identity: 


d A (. X A e~ 2d S) = e~ 2d X B V A [A(P ac P bd _ pAc p BD^ S(jD _ jAB S ] 

+d A [Ae~ 2d (P AC P DE - P ac P de )S C dX e + 2 e ~ 2d (P AC P BD - P AC P BD )S X T BC d\ 


+d A (. X A e~ 2d S) , 


(3.12) 
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implying that the sum of the first line and the second line should vanish identically. Actually, the above 
identity (13.121) holds not just for generalized gauge transformations but also for arbitrary local transforma¬ 
tions generated by the vector field, X A . Therefore, the first line and the second line of (13.121) ought to 
vanish independently. 0 Consequently, we obtain an off-shell, covariantly conserved two-index curvature 
field Gab , which we propose as the DFT counterpart of the Einstein curvature tensor: 

G ab ■= 2(P ac P bd - P ac P bd )S CD - \J AB S obeying V A G AB = 0, ( 3 - 13 ) 

and an off-shell, covariantly conserved Noether current, 

jA 4(pACpD E _ pACpD E ^ X E ScD + 2 (pACpBD _ pACpBD ^^^ ? 

(3.14) 

obeying V A J A = 0 , d A (e~ 2d J A ) = 0 . 

We can further decompose the conservation law of the generalized Einstein curvature Gab by project¬ 
ing V aG ab = 0 with P or P. We obtain a pair of conservation relations: 


V A ( 4 P ac P bd S cd ~ P AB S) = 0, V A (4P ac P bd S CD + P AB S) = 0, ( 3 - 15 ) 

which can be re-expressed as 


4 (PV) a {PSP) ab - ( PV) B S = 0, 


4 (PV) a (PSP) ab + ( PV) B S = 0. 


(3.16) 


We see that these conservation relations are precisely the ‘differential Bianchi identities’ obtained previ¬ 
ously in [47[]. While the difference of the two projected curvatures in (13.151 ) yields back the generalized 
Einstein tensor (13.131) , their sum leads to nothing new. Rather, it yields the conservation relation of ‘sym¬ 
metric’ Einstein curvature tensor: 


Va [<3 {ab) ] = 0 where := G AC U C B = - 4(PSP- \U AB S . ( 3 ‘ 17 ) 


s For those readers not convinced, consider the case where the vector field X A is a distribution on an arbitrary point as a Dirac 
delta function and integrate <3.121 over a section. This will confirm that the first line vanishes by itself. 
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Note also that the equations of motion (13.31) are equivalent to the vanishing of the generalized Einstein 
curvature. 


G AB ~ 0. (3.18) 

Note that the off-shell, conserved Noether current is expressible as 

J A = 8{PSP) [ab] X b + 4V B [(PV) (A (PX) B) - (PX) {A (PX) B ^ - \U AB V C X C 1 , (3.19) 


and, also in terms of the Einstein curvature tensor and the 0-term (13.7b . as 

J A = -2 G ab X b + @ A (d, P, 5 x d, S X P) - SX A . (3.20) 

This then leads to the on-shell Noether current: 


H a := & A (d, P, S x d, S X P ) - . 


(3.21) 


Taking the divergence, we obtain 

X A H A = 2 G ab X a X b = 2 SS x d - ^(PSP) AB 5 x Pab - 0. (3.22) 

Indeed, the right-hand side vanishes either on-shell or, alternatively, for a Killing vector, X A , satisfying 
(13.91 ). We would like to further re-express the Noether current such that conservation relation is manifest. 
We do so by searching for a skew-symmetric Noether potential, K AB , in terms of which the off-shell 
conserved Noether current is given by 


;- 2 d J A = d B (e~ 2d K AB ) + $<TV . 


K ab = -K 


BA 


(3.23) 


In this form, the conservation relation is manifest up to the section condition. Note that takes 

the generic form of a ‘derivative-index-valued vector’ [30] which generates the coordinate gauge symme¬ 
try (12.31) . As such, upon imposing the section condition, it is automatically conserved. Moreover, it will 
not contribute to the global charge in the next subsection, which is defined on a given choice of the section 
by the spatial integral of the conserved charge density. Hence, we may freely drop off such derivative- 
index-valued vectors and take the Noether current up to the derivative-index-valued-vectors as 


—2 d jA — 


J A = d B (e~ 2d K AB ). 


(3.24) 
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To find explicit expression of the Noether potential, we utilize the projection field identities (12.22b and 
commutator relations: 


[CPV) B , (-PV)a] X b = ( PSP)abX b , [(PV)fl, (PV) A ] X B = (. PSP) AB X B , 

and rewrite the off-shell conserved current J A in the form 

J A = 4V B \(PV) [A {PX ) B 1 - (PV) [A (PX) B] 1 + 2d A [(P - P) bc V b X c ] . 
This expression naturally suggests to define the skew-symmetric Noether potential as 

K ab := 4(PV) [a (PA') b] - 4 (PV) [A (PX) B] . 

With this definition, we finally get 

e - 2 d jA = 0 s ( e - 2 d K l AB ]) + 2e~ 2d d A [(P - P) bc X b X c } 

+ 2 e~ 2d (Pd A PP) BC [(PV)c(PX) B + (PV) B (PX)c] • 


(3.25) 


(3.26) 


(3.27) 


(3.28) 


In going from (13.261) to (13.281 ). one needs to take care of the semi-covariant derivative connections. It turns 
out that they merely yield derivative-index-valued vectors, as in the second line of (13.281) . For this, it is 
worth to note that T A B qP b dP C E = ( Pd A PP) B E is a derivative-index-valued vector as well. 


3.2 Conserved Global Charges 

We now proceed to construct conserved global charges, which will constitute generators of asymptotic 
symmetry algebra. The starting point is the two-form Komar function. While our Noether potential (13.271) 


can correctly reproduce the two 


needs to be further corrected [ 11 


orm Komar integrand, it is well known that the Komar integrand itself 


1311 (see also 13211 and references therein). Here, we derive such a correc¬ 


tion and define a corresponding conserved global charge. 

We start by rewriting the semi-covariant four-index Riemann curvature in terms of the semi-covariant 
derivative acting on the connection: 


S AB CD = \ i^ E A B^ECD + Fc A E FdBE ~ ^CB E ^D A E + F A C E ^BDE ~ ^ A D E ^BCe) 


(3.29) 


CD + V [C^D] AB ) 
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This enables us to isolate the two-derivative terms (‘accelerations’) from the one-derivative terms (‘veloc¬ 
ities’) in the DFT Lagrangian: 


e"2 d^pACpBD _ pACpBD^ SABCD 


= e- 2d (P AC P BD - P AC P BD )(T AC E T BDE - T AB E T DC E + \T e ab T EC d) 


+2d A [ e -Zd(pACpBD _ P AC P BD )Tbcd } 


(3.30) 


= e ~ 2d (P AC P BD - P AC P BD )(T AC E T BDE - T AB E T DCE + \T E AB T ECD ) 


+d A 


= -2 d 


{4 (P - P) AB d B d - 2 d B P AB } 


Motivated by this observation, we define a composite vector field: 


B a := 2(P ac P bd - P ac P bd )Y BCD 
= 4(P - P) AB d B d - 2 d B P AB . 


(3.31) 


Note that this is not quite a diffeomorphism covariant vector: because of (12.341) . B A transforms anoma¬ 
lously, 

5 x B a = C X B A + 4 (p Ac p BD - P AC P BD )d B d [c X D] . (3.32) 

Only if the vector field X A can be restricted to satisfy dpJ)pXjy = 0, the composite vector field B A trans¬ 
forms covariantly under the generalized diffeomoiphism gauge transformations. We will see momentarily 
that this condition can be arranged by modifying the Noether potential in a specific way. 

The idea is that we would like to remove the two-derivative terms. To do so, we consider modifying 
the DFT Lagrangian with a specific surface term: 


C 


NSNS 


= £nsns -d A {e- 2d B A ) 


= e -2d(pACpBD _ pACpBD )(rAC E TBDE _ T AB E T DCE + \T E AB T EC d) ■ 


(3.33) 
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The idea is analogous to the modification of the Einstein-Hilbert action to the Schrodinger action a la 
Dirac [48[| that is free of two-derivative terms. While the equations of motion remain intact, the theta term 
in the variation of the Lagrangian, ED, gets modified to 


e~ 2d e A (d, P, 5d, 5P) = e~ 2d Q A {d, P, 5d, 5P) - 5{e~ 2d B A ), (3.34) 

such that the new theta term, @ A (d, P,Sd,6P), no longer contains the derivative of the variations. In 
particular, for the generalized diffeomorphism gauge transformations, we have from (13.321) that 


e~ 2d Q A (d, P, 5 x d, 5 X P) = e~ 2d Q A (d, P, S x d, 5 X P) + 2 d B {e~ 2d X^ A B B ^) - e~ 2d B B d A X 


B 


-X A d B (e~ 2d B B ) + 4 e -zd(pACpBD _ pACpBD^Q Bd[cXD] 


(3.35) 


The off-shell Noether current (13.201) now receives extra contributions 


e 2d j A = e 2d 


-2 G ab X b + 0 A (d, P, S x d, S X P) - {S - X b B b )X a 


= e~ 2d J A 


+2 d B {e~ 2d X^ A B B ^) - e~ 2d B B d A X B + Ae~ 2d {P AC P BD - P AC P BD )d B d [c X D] . 

(3.36) 


Correspondingly, we have the modified Noether potential 

K ab = K ab + 2 X [a B b] . (3.37) 


We need to ensure that the modified Noether current is conserved. Taking the divergence, one finds 

that 

d A (e~ 2d J A ) = ± e ~ 2d { P A c p BD _ p AC p Bn )y [A (d B] d [c X D] ). (3.38) 

Thus, the modified off-shell Noether current is not always conserved. However, we can ensure the conser¬ 
vation relation provided we impose the diffeomorphism vector field to obey the condition 

X [A (d B] d [c X D] ) = 0, (3.39) 

or more strongly the condition 

dBd[c<Xp= 0. (3.40) 
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Wonderfully, the latter condition is precisely the condition we needed in order to ensure the composite 
vector field B A transform covariantly (13.321 ). The simplest example of such restricted vector field is when 
X A is a constant vector, corresponding to a rigid translation in doubled spacetime. 

With the conserved modified Noether current at hand, we finally obtain the conserved global charge as 
surface integral: 


>M 


Q[X]:= I d D ~ 1 x A e-' M J A = <f) d D - 2 x AB e- 2d [K ab + 2 X^ a B b ^ 


dM 


(3.41) 


Here, X4 denotes a timelike hypersurface inside the section, T, B = x Xi, while dX4 corresponds to its 
asymptotic boundary. 


Intuitively, we can also motivate the conserved global charge proposed above from the method adopted 


by Wald 011 3], Modulo the equations of motion, the variation of the on-shell conserved Noether cur¬ 


rent (13.211 ) reads 

8{e~ 2d H A ) ~ e~ 2d n A {6,5 x ) - 2d B (e~ 2d X^ A Q B ^ + e~ 2d 9 B d 

where O' 1 denotes the (Hamiltonian) symplectic structure defined by 


' A X B 


e~ 2d n A (8 1 ,8 2 ) :=<$i e~ 2d Q A (d, P, 8 2 d, 8 2 P) 


— ^dr\A ( 


— 8 2 


e~ 2d @ A {d,P,8id, <5i P) 


The above variation (13.42b then reveals an on-shell relation 


e~ 2d n A (8,8 x )^d B 


8 I e~ 2d K AB 


+ 2 [e- 2d X^ A 9 B Bj 


-e~ 2d e B d A X 


A v B 


(3.42) 


(3.43) 


(3.44) 


Again, the last term is a derivative-index-valued vector and can be dropped off when integrated over a 
section. Finally, by assuming proper asymptotic fall-off behaviour at infinity, the left-hand side of (13.34b 


can be made to vanish at i 


infinity 


This facilitates to approximate 


e- 2d n A (8,8 x )~d B 6 


—2d I _|_ 


2 X [a B b] ^J 


(3.45) 


The final expression then supports the validity of our proposed expression for the conserved global charge (13.41b . 


9 See Appendix iBl for explicit demonstration of this for the asymptotically flat hypersurface. 
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3.3 Extension to Yang-Mills and Cosmological Constant Sectors 

A proper account of low-energy string theory requires inclusion of the Yang-Mills sector and the cosmo¬ 
logical constant in addition to the NS-NS sector. Here, we consider the DFT in which the NS-NS sector is 
coupled to Yang-Mills sector and the cosmological constant is included (12.441) . 

£ dft = e~ 2d [S - 2A + g~*Tr (P AC P bd F ab F C d)\ , (3.46) 

and construct corresponding extension of the conserved global charges. 

Consider arbitrary variations of the projection field and the vector potential, 


5{Fab) = 2 V [A SV B] - Sr c AB Vc , V A :=V A -i [V A , 


(3.47) 


Pa C Pb D 6(F C d) = 2 P A 1 C P B PV C 6V D - V C {P5PP) AB V C . 


This induces variation of the YM part in the DFT Lagrangian as 


5Tr (P ac P bd P ab F C d) = — 4Tr \dV B V A (PFP) {AB] 

+2(P5PP) AB Tr [(PFUFP) ab + V c {( PPP) AB V C }] (3 ‘ 48) 

+V A Tr [A(PFP)^dV B - 2 V A {PFP) CD 5P CD } . 

For local variations, from the first line, we find the YM equation of motion: [^1 

V A (PFP) lAB] ~ 0. (3.50) 


From the second line in (13 .48b . we find that the equation of motion of the projection field changes from 
(13.31 ) to 

(PSP)ar + l [{PFUFP) ab + V c {(PFP)abV c }] ~ 0. (3.51) 

We also recall that the equation of motion of the dilaton is now modified to 

5 - 2A + g~l Tr {P AC P BD T ab F C d) - 0 • (3.52) 

1(1 It is useful to note 

( PFP)[ab} = (PFP)[ab] ■ (3.49) 
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Once again, the DFT Lagrangian vanishes on-shell. For consistency, from (12.391 ) and (12.411 ). it is straight¬ 
forward to check that 

( PTUTP)ab + Vc [( PTP)abV c ] . (3.53) 

is indeed fully covariant under both the generalized diffeomorphisms and the YM gauge transformations. 

The last line in (13.481) is the YM contribution to 0 A . Then, in steps completely parallel to the analysis of 
the NS-NS sector DFT as carried out in section [3711 we can straightforwardly obtain the off-shell conserved 
Noether current associated with the diffeomorphism transformation to the total DFT. Modulo the part 
identifiable with derivative-index-valued-vectors, we get 


e-2d Jtotai = e~ 2d J A + l2g- 2 d B Tr (e- 2d (PPP^ AB V c ^X c ) 

= d B [ e ~ 2d l6 AB ^ + l2g- 2 e~ 2d TY {(PPP)^ AB V C ^X C }\ 
The conserved global charge is now generalized to 


(3.54) 


Q total [-^C] — y e 

dM 


-2d 


I<l AB ] + 2X^ a B b ^ + -i-Tr jl2 (PPP) [AB V C] X C } 


(3.55) 


It is worth to note that the cosmological constant term does not contribute to the global charges. 


4 Applications 


In this section, we apply the general formula of the conserved global charge (13.411 ) to various asymptot¬ 
ically flat string backgrounds. In sections 14.21 and 14.31 we consider the null wave solutions in DFT [37] 
and calculate their ADM 217-momenta, which are the conserved global charges associated with the global 
translations. In section 14.41 by performing further dualities, we discuss the 2/7-momcntum for a non- 
Riemannian background reported in itrill . In section l4~5l as a demonstration for the YM-coupled DFT, 
we consider the Reissner-Nordstrom black hole. In section l4~6l we consider the background of black 5- 
branes. Finally, in section 14.71 as an application to a non-asymptotically flat background, we consider a 
linear dilaton background and show that the known result can be correctly reproduced by introducing an 
extra counterterm to the boundary. 
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Henceforth, we fix the D -dimensional section, Ed, to be independent of the winding coordinates, x /t , 
as in (12.461) . Further, we decompose the generalized metric into a constant part and a fall-off part. 


7~Lab =7L\ R + Xab , 7V A L := 


r]^ v -rf p b pu 


r] pu rip,. 


(4.1) 


where r\p /V = diag(—1,1,... , 1) = rf u is the flat Minkowski metric. The asymptotic values of the /i-fie Id 
is denoted by b jW and it is assumed to be constant. In this paper, we consider two kinds of asymptotically 
flat backgrounds: (1) backgrounds with the topology, M. = , which include the (higher-dimensional) 

Schwarzschild solution; and (2) backgrounds with A4 = T p x where T p is ap-torus, which in¬ 

clude backgrounds of p-branes wrapped on the p-torus. For each background, we introduce the coordinates 
for the D-dimensional section, T,d, as 


(1) : (x p ) = (t,x i ), i = l,...,D-l, (4.2) 

(2) : (x p ) = {t, z s , y m ), s = l,...,p, m = 1,..., D - p - 1, (4.3) 


and define the radius respectively by 

(1): r \= \JSij x i xi , (2): r := y/5 mn y m y n . (4.4) 

Then, in terms of the radius, we assume a simple fall-off behaviour, 

A AB = 0(r a ), e~ 2d = 1 + 0(r a ), a<0. (4.5) 

We have a = —(D — 3) for the Schwarzschild solution while a = — (D — p — 3) for p-brane solutions. 

Before considering examples, we make remarks on the conserved global charge defined in (13.411) . The 
charge consists of an integral of K AB and 2 X^ a B b \ The explicit form of the DFT-Noether potential is 
given in Appendix |A] and its fiu components with a Riemannian parametrization (12.481) become 

K pu [X] = 2 - H pup C P , (4.6) 

where ^ P ' M is the conventional Riemannian covariant derivative and X A is parametrized in a manner par- 
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allel to (12.501 ) by 


( \ 

X A = 

l / 

As this parametrization suggests, in this paper, we define the ADM 2/9-nionientum as 


Pa ■= Q[Ea\, Ea ■= 


( \ 

d^ 


\d M - b^ d v j 


(4.7) 


(4.8) 


namely, the conserved global charge for X with constant or Q IL . We also replace B IW by b liv since the 
global charge is evaluated as the surface integral at infinity. In section 14.31 we discuss the importance of 
this definition of the ADM momentum. 

A remark is in order. DFT is manifestly covariant under 0(D,D) rotations which act on both the tensor 
indices and the arguments of the tensor, i.e. coordinates. In this case, the whole configuration including the 
section itself is rotated, and there should be no change in physics. However, if a specific given background 
admits an isometry, there is ambiguity of choosing the section. Without rotating the section, it is possible 
to rotate the tensor indices only and this can generate a physically different configuration. Thus, while our 
global charge is manifestly 0(D,D) covariant, it may not transform covariantly if we keep the section fixed 
and rotate only the tensor indices. 


4.1 Pure Einstein gravity 

Here, considering the pure Einstein gravity, i.e. 


<f> = 0, 


Bfiu = 0 . 


we show that the ADM mass, P t , defined on (14.81) . evaluated for a background with Xi 
reproduces the well-known ADM mass formula [49], 

1 / 


T^adm = 


24 


dft D _ 2 r D ~ 2 " k 


n k G ij (diG kj - d k Gij) 


(4.9) 

correctly 


( 4 . 10 ) 
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where n k d k = () r is a radial vector that becomes a unit vector at infinity. 

From B /n/ = 0, the DFT-Noether potential (14.61 ) is reduced to the standard Komar potential: 

K fU/ [X\= 2^"]. (4.11) 

On the other hand, IP 1 ', in the Cartesian coordinates, simply becomes 

B p = -2 8 V In v/|g[ - d v W v = G pv G pa (' d p G va - d u G pa ) . (4.12) 

In particular, the identically conserved current, d u (6 ^corresponds to the Einstein pseudo-tensor a 
la Dirac [48]. 

Our definition of the ADM mass is now 


Pi = 


= 2 


and we have as r goes to infinity, 


Q[dt] = [ d D - 2 x> y/\G\ (K pu [d t ] + 2X [** B "]) 

JdM 

[ d°-*x tr V\G\(K tr m + B r ), 

■Is Sr 2 


(4.13) 


K tr [d t } = -2G tp G ri 'd [fl G„ ]t 

~ - n k {d k G tt - d t G kt ), 

(4.14) 

B r « h k (d k G tt - d t G kt ) 

+ n k G^ (d,G k] - 4G y ) . 

(4.15) 


These precisely coincide with the known results of [12]. Finally, summing them up and using the expres¬ 
sion for the integral measure at the spatial infinity, we have 


; [ d D 2 x tr \f\G\ 


dO D _ 2 r D 2 


(4.16) 


Recalling that we are choosing a unit 2 k 2 = 1(= IGitGn), we thus obtain the ADM mass formula (14.101 ). 


4.2 Null Wave 


We here consider the null-wave solution of DFT [37] 


ds 2 = rjn U dx p dx v + rf 12 dx^ dx u + (H — 1) [(d t — dz ) 2 — (dt + d2) 2 ] , 

=“ M = i. h M = i + 4A> 


(4.17) 

(4.18) 
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where j D is a certain constant which depends on the dimension, D. This is another purely gravitational 
solution in D-d i me ns ions: 

ds 2 = (H - 2) dt 2 - 2 {H - 1 ) dt dz + H dz 2 + S mn d y m d y n , (4.19) 

<f> = 0, B IW = 0. (4.20) 

Here, we compactified the z-direction with a radius R z , in order to make the value of the global charge 
finite. The remaining y m directions are treated as non-compact. 

In this background, using d lt d = 0 and K 1 "' = —2 G (, J l G Ip d p £s, we have at infinity, 

K tr [d t } « —d r H(r ), K tr [d z \ « d r H(r), B r « 0 . (4.21) 

Then, it is straightforward to show that the ADM energy and the momentum in the z-direction becomes 

Pt = Q[dt} = 2 [ d D ~ 2 x tr K tr \d t ] = - f dz [ dn D _ 3 R d ~ 3 d r H 

JdM j JS°~ 3 


— {D — 4) 7 D (2irR z ) 0 D _ 3 , 


(4.22) 


[ d D - 1 x tr K tr [d z \ = 

[**[ 

JdM J 

1 Js, 


d n n _ z R D ~ 3 d r H 


— —{D — 4) 7 D (2 ttR z ) D d _ 3 . (4.23) 

Here, <9A4 is the surface of constant t and r= R in the R -A oo limit, and fl D _ 3 is a surface area of a 
(D — 3)-sphere with a unit radius; tt D _ 3 = 2 tt ( i> ' 2 i ' 2 /T((J) — 2)/2). As the momenta in other directions 
are trivial, the 2D-momcntum becomes 

pjwave) = p z _ pm . p^ p^ = Ud ( 0 , . . . , 0 ; + 1 , - 1 , 0 , . . . , 0 ) , (4.24) 

i^d := (D — 4) 7 D (2 ttR z ) H d _ 3 , (4.25) 


which is indeed a null vector at the flat spatial infinity: 

( U^) AB Pa^ P B aVe) = 0 • (4.26) 

For D = 10, in our unit of 2k m = 1, the constants become 

710 = tt3 (27 xR z y ’ ^ 7 = T’ n w^/ R z- (A.21) 

Namely, the ADM energy and the momentum have just the expected values: 

Po = 1 /Rz = - p z ■ (4.28) 
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4.3 Fundamental String 


As it was pointed out in [13711 . the string background can be also constructed by considering a null wave 
propagating in a winding direction z. Starting from the doubled wave solution, by performing a T-duality 
along the z direction, one can obtain 


ds 2 = 7 ]fj, v dx M dx v + rf v dx^ dx u + (77 — 1) [(dt — d z) 2 — (d t + dx) 2 ] , 


-2 d 


This corresponds to the following 77-dimensional Riemannian background: 

ds 2 = H~ l (r) (-dt 2 + d z 2 ) + 5 mn d y m d y n 
B tz = H-\r)-l, $ = 0 , 


(4.29) 

(4.30) 

(4.31) 

(4.32) 


which recovers the fundamental string background originally found in [34], up to a constant gauge shift in 
the 77-field. 

For this string background, in a manner similar to the null-wave case, we obtain, at infinity, 

K Tt [d t ] « —d r H(r), K rt [d z ] » d r H(r), B r w 0. (4.33) 

Therefore, the nontrivial momenta are 

Pt = Q[dt] = - [dz [ <m D _ 3 R d ~ 3 d r H = (D - 4) lD (2 ttR z ) Q d _ 3 = n D , (4.34) 

J Js °~ 3 

pz = Q[d z ] = I d z [ dn D _ 3 R d ~ 3 8 r H = -{D- 4) 7d (2nR z ) Q d _ 3 = -n D . (4.35) 

J 7s£- 3 

As these are the only non-zero components, the ADM momentum in the string background becomes 


P 


(string) =n ^ (o-io o; +1,0,..., 0). (4.36) 


This is the expected result: our global charge formula is covariant under global 0(79,79) transformations, 
so the ADM momentum in the string background should be related to that in the null-wave background by 
an 0(79, 79) rotation, Aa B , which corresponds to the T-duality along the z direction, 


P 


(string) 


= Aa P) 


B p(wave) 


B 


Rz = 


l 2 

L s 

Rz 


(4.37) 
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Further, from this duality relation, we identify mo = 1 /R z = (27r R z ) x (27t( 2 ) -1 for D = 10, which is 
the correct known mass for a fundamental string winding in the z direction. 

Before proceeding further to the next example, let us comment on two aspects of the ADM momentum. 

• String winding charge. We can identify the well-known string winding charge (along z direction) 
given by 

Qfioc / e- 2 ** D H, (4.38) 

Js °~ 3 

as the global charge, Q[d z ], for the winding direction z, i.e. ADM momentum along the dual direc¬ 
tion. Here, let us focus on a spacetime of toroidal topology, M = S z x If 0-2 , such that a string is 
winding along the compactified z direction. The momentum in the dual z direction reads 

P z = Q[d z ] = 2 [ d D - 2 xt r e~ 2 * ^\G\K tr [d z }. (4.39) 

JdM 

By using the formula (14.61) . the DFT-Noether potential becomes, restricted on the section, 

K lw [d z ] = -W wz . (4.40) 


Therefore, the ADM momentum becomes 

P z = Q[d z ] = - fdz f d D ~ 3 d e trzei ...e D _ 3 e" 2 * y/\G\ G tp G™ G zS H pa5 

J Js°~ 3 


= 2vr R z [ d D ~ 3 6 e" 24, y/\G\ e tzr 01 ... 0 D _ 3 G tp G zv G rp H pvp 

Jsg ~ 3 

= 2ttR z [ dD D _ 3 e- 2$ * d H, (4.41) 

Jsg - 3 


where 9 a (a = 1, ..., D — 3) are angular coordinates. Namely, the well-known flux integral for the 
string winding charge (in the z direction) precisely matches with the quasi-local ADM momentum 
in the 5-direction. This supports the idea [37] that strings are waves in doubled spacetimes. 


• Physical ADM momentum. Let us consider a constant shift of the F>-field in the string background 
(14.301 ): B tz —» Biz + 1 + c where c is a constant. After this O( I). D) rotation to a new solution, we 
can show that the conserved global charges, Q[8a\, become 


Q[9a\ = n D ( 0, -1, 0 ... , 0 ; -c, 0,... , 0). 


(4.42) 
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Then, if c is positive, Q[dt] is negative, and this suggests that Q\d/] is not physically reasonable as a 
definition of the mass. On the other hand, we can show that the ADM momentum, defined in (14.81 ). 
is independent of the parameter, c, 

P ( f rmS> = n D (0, -1,0... , 0; +1,0,..., 0), (4.43) 

and the ADM energy, p( strmg \ i s always positive. 


4.4 Non-Riemannian Geometry T-dual to Fundamental String 


Now, in order to obtain a non-Riemannian background, we further perform double T-duality transfor¬ 


mations along the isometric t- and z-di reef ions (see (5.23) in 1310 for the explicit form). Through the 




O (D,D) rotations I 1 1 the (t, z, t, z) part of the generalized metric, Hab, has the following form: 


' c(2+cH) 0 0 -(1 +cH)' 

0 —c(2+cH) — (1+cH) 0 

0 -(1 +cH) -H 0 

-(1 +cH) 0 0 H 


(4.44) 


Then, in the c —>• 0 limit, the upper-left (2 x 2) block vanishes which would correspond to the inverse of 
the Riemannian metric. Namely, this background becomes singular in the conventional Riemannian sense, 
and accordingly is called a non-Riemannian background Bill . 

In this background, from the asymptotic form 

K tr [<9 t ] « -c d r H(r) , K tr [d 2 ] « -c 2 d r H{r) , B r « 0 , (4.45) 

obtain the ADM 212-momentum for the non-Riemannian (n-R) background!* 2 ] 

Q {n - R) [d A ]=n D (0, c 2 ,0 ... , 0 ; c, 0,0,..., 0), 


we 


P?' R) = n o (0,c 2 ,0...,0; 


2 T c 


, 0 , 0,...,0 


(4.46) 

(4.47) 


In this case, the ADM energy, which depends on the parameter, c, can have a negative value. 


11 Note that the O (D, D) rotation here may not correspond to the traditional T-duality rotation. In backgrounds with isometries, 
we can choose the coordinates, x A = ( x a , x a , Xi, x l ) (a = 1,D — n, i = D — n + 1,, D), such that the background 
fields are independent of x a and x 1 = (xi,x z ). In such backgrounds, a global O (D, D ) rotation, Hab —>■ Oa C Ob D Hcd 
with Oa B = (oo° J ) G 0(D, D ) (keeping the coordinates fixed), transforms the equation of motion of DFT covariantly. We 
used this rotation as a solution generating method. For discussions of related subtle issues, see | 50. 5] |. 

12 For the non-Riemannian case, in order to calculate the ADM momentum explicitly, we need to use a general formula 1A.41 . 
instead of d4.6k Further, since we cannot define b for the non-Riemannian case, the ADM momentum should be defined using 
a different parametrization the generalized metric, see e.g. I 52 T 
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4.5 Reissner-Nordstrom Black Hole 


As a simplest example in the YM-coupled DFT, let us consider the Reissner-Nordstrom black hole, 


ds=-f(r)dt z + f L (r)dr z + r z dtt z D _ 2 , f(r):= 1 - 


2/i 


+ 


a 2g Y iv[Q i, D n 

A — ,D—3 ^ — 0, /i ! — 


M 


r D -3 1 r 2{D-3) ’ 

2(D — 3) Q 2 


$ = 0 , 


2(D-2)Q d _ 2 


e := 


(D-2) 


(4.48) 

(4.49) 


The doubled vector potential satisfies (12.431) and is parametrized by Va = (0, A /t ). Consequently, we have 
(Pj-P)IH = _/^ = -Qih>g v(J { d p A a - d a A p ), see (3.18) of fa. 

In this background, the global charge (13.551) becomes 


Q[X] = 2 [ d D ~ 2 x tr y/\G\ (K [tr] + 2 - 4 5 " 2 . (4.50) 

JdM 

From the asymptotic behaviour, f tr A t oc r -( 2D ~ 5 )^ the last term does not contribute to the surface integral. 
The nontrivial contributions come from 


K tr [d t ] « 2(D - 3) n r" (D " 2) , B r « 2 g r~( D ~ 2) , 


such that we can recover the correct ADM mass 


§ 


(4.51) 


Pt = Q[dt} = 2 (D - 2 ) Q D _ 2 n = M . 


(4.52) 


4.6 Black Five-Brane 


Here, we consider the black 5-brane, whose background reads [35]: 


ds 2 = — --^-df 2 -|-- 2 -F r 2 dfi§ + ^(dr 5 ) 2 , (4.53) 

r 2 

e - 2 $ = i- dB = Qe 3 , Q := r+r_ , (4.54) 

where £3 is the volume element on the unit 3-sphere, satisfying f s3 £3 = 27r 2 , and r± is the radius of 
the outer and the inner horizons. In order to make the conserved charges finite, we assumed that the 

I3 If we make a constant shift in the gauge field, —>- A M + a the f tr At term also gives a contribution to the ADM mass; 
Q[dt] —► Q[dt] — 8(D — 3)Dd_ 2 g Y M Q a t , which depends on the free parameter, at- Like the definition of the ADM momentum 
given in 14.81 . we can define a gauge invariant combination, Pt := Pt + 8 (D — 3) fi D -2 3 ym Q At. 
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z s -directions to be a five-torus with the volume, V T 5. In the extremal limit, r + —» r_, this background 
approaches that of the NS5-brane. 

In the Cartesian coordinates, we obtain the asymptotic form, 

2 (rl — r 2 ] 


K 


tr r 


H\ 


B r 


r 2 _|_ r 2 


r u 

As it is expected, the only non-vanishing component of the ADM momentum is the ADM energy, 


Pt = 


Q[d t ] = [ d 5 z [ df) 3 (3 r\ - r 2 _) = V T s 2ir 2 (3r+ - r 2 _) 

J JSL 


(4.55) 


(4.56) 


which reproduces the known result, (3.14) in [53], especially the mass of the NS5-brane as the extremal 
limit, r± —>• jV 1 / 2 /.,. Note that the ADM momentum is timelike in this background, 


{H {0) ) ab P a Pb <0. 


(4.57) 


As expected, unlike the case of the fundamental string, the charge of the NS5-brane does not appear as 
the ADM momentum. The charge of the NS5-brane will appear as the NUT charge in doubled spacetime 
since it is T-dual to the Kaluza-Klein monopole, which has the NUT charge. Another possibility is that, 
as discussed in [54, 55], since monopoles arc simultaneously interpreted as null waves in the ‘Exceptional 
Field Theory’, it may be possible to describe the charge of the NS5-brane as an ADM momentum in the 
extended spacetime. 


4.7 Linear Dilaton Background 


Finally, we demonstrate that our general formula (13.411 ) is also applicable for a non-asymptotically flat 
background by adding a suitable counterterm as a boundary action. 

As an example of a non-asymptotically flat background, consider the asymptotically linear dilaton 
background, which can be obtained by taking a decoupling limit and performing a coordinate transforma¬ 
tion [36]: 

5 


Nl 2 

ds 2 = —f{r) dt 2 + s 


r 2 f (r] 


dr 2 + Nl 2 s d^! + ^(d; 


s\2 


(4.58) 


S=1 


Nl 2 

e 2<t> _ JV L s 


d B = Qe 3 , f(r) := 1 - 


_o 

.2 ' 


r“ r 

Here, rg is the corresponds to the outer horizon and N corresponds to the number of the five-branes. 


(4.59) 
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In this case, we have 


(4.60) 


2 A ,vi ryt 2 

Since the constant term in B r gives a divergent value to the conserved charge, we add the following 
boundary term to the action: 

S 0 = - [ Vhe~ 2 *b 0 . (4.61) 

■JRtxdM 

Here, h is the induced metric on the boundary, x 0A4 , which is in our case a constant r surface, and bo 
is a function of h. This corresponds to the shift in B A by 

B a -> B a := B a + b 0 h A , (4.62) 

where h A := 1~L AB n a and n,\ denote the unit normal vector at the boundary, 'U, AB nAnn = 10 In the 
present case, its asymptotic form becomes h A dA ~ d r . Thus, the shift simply changes B r component as 

B r ^ B r = B r + b 0 . (4.63) 


Here, we simply choose bo as the minus of the leading term in B r , evaluated on the extremal background, 
ro = 0; bo = 4/(A^ 1 / 2 ( s ). We then obtain 


K tr [dt\ + B r 


Ml 

Nl 2 s r ' 


(4.64) 


Therefore, the ADM mass, which is the only non-vanishing component of the ADM momentum, becomes 


Q[dt\ = [ d 5 z I dD 3 e- 2d (K tr [d t ] + B r ) = 2r 2 D 3 . 

J 4S3 


(4.65) 


This result matches with (138) in [56], where the mass was obtained from an approach of Brown and 
York [271] as well as of Hawking and Horowitz [57]. See also (6.17) of [58], where another approach was 
used. 


4 Note that tia is defined through Stokes’ theorem for an arbitrary vector, A' 4 


j d °xdA(e 2d K A ) = (j> d D 1 xe 2d riAK A . 

We note that n A = J AB ub is different from h A appearing in 14.621 . Similarly, the normal vector, h k dk, appearing in 14.101 
should be also understood as the D-dimensional components of n A . 
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5 Discussion 


In this paper, we formulated the conserved Noether current and associated global charges of the massless 
sector of string theory in the DFT approach. The result is manifestly O (D, D)-covariant. We checked the 
result against various string theory backgrounds, not only geometric but also non-geometric, and found 
that the result yields the right answers in all cases. 

There are further directions our result can be extended. One would like to include the R-R sector fields 
and also to substantiate fermionic Noether currents and fermionic global charges as odd-grading part of 
supersymmetric asymptotic symmetries in superstring theories. 

The most interesting and important applications of our result would be for non-geometric backgrounds, 
either from exotic branes or exotic fluxes. As a step torward this goal, we also apply our formula to the 
exotic 5^-brane background 0B, 

ds 2 = H(r) (d?’ 2 + r 2 d 9 2 ) + H(r) /v _1 (r, 9) dx§ 9 + dxQ 3 ... 7 , H(r) := cr In (r c /r ), 


e 2 * = H(r)K~ 1 (r,9), B 89 = -K~\r,d) 9 a , K(r,9) := H 2 (r) + a 2 9 2 , 


where a := R 8 R 9 /(2-k1 2 ) . In this background, we obtain 


K tr = 0 , B r = -d r H 


-l / 


(5.1) 

(5.2) 

(5.3) 


and the ADM mass is obtained as 


Q[d t } = - f d 7 z f d 9rH 1 (r) d r H(r) = 2-k a Vt 34567S9 H 1 (r). (5.4) 

JT^ R JSQ J 

This agrees with the result in [60|,l6llj, and can be viewed alternative derivation starting from our manifestly 
0(1). D) covariant formulation. If we follow the ad hoc procedure in llhCl roll]. H(r) —>• 1 as r — >• oo, we 
obtain the known ADM mass for the 52-brane background, 


27T(J I / T , 345678 9 l 


_ i R-:i ■ ■ ■ R7 (RsR9Y 


7 ? 12 


(5.5) 


We intend to report our further progress in the above directions in future works. 
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A DFT-Noether potential 

Here, we obtain explicit expressions for the DFT-Noether potential defined in (13.27b : 


K ab [X} =4 (p c I a p b 1 d - p c[A p B]Dj ( dc x D + r C deX e ) . (A.l) 

Using the identity, 

4 pAC pBD _ pAC pBD ) 

= 8 ( P AC P BD - P AC P BD ) [{P d c PP) [DE] + ( P [d F P e] G - P[D F Pe] G ) dpPcc\ 

= 4[2 P C[A (Pd c PP ) B] e + 2 P C[A (Pd c PP) E B] -Ue C (. Pd c PP) [AB] + (. Pd E PP) (AB) ] 

= -2 n c[A n B]D BcPde + 2 d [A n B] E - n E c 'H [A Dd c n B]D + d E n AB , (a. 2 ) 

the DFT-Noether potential becomes 

K ab [X} = -2H c ^ a (d c X B ^ +d B] X c ) - 2H c[A n B]D d c n D EX E 

+ 2 d [A U B] eX e -n e C U [A d d c n B]D X E . (A.3) 

Then, further using a parametrization (14.7b and the strong constraint, (P = 0, we obtain 

K txv [X\ = -2 H p[fl (d p ^ +H u]D d p H DE X E ) - U e p U V d d p n v]D X E . (A.4) 

Lastly, from the parametrization of the generalized metric (12.48b . we can obtain the expression of (14.6b . 

B Fall-off behaviour at infinity in the asymptotically flat case 

Here, we show that the left-hand side of (13.34b . e~ 2d @ A (d, P, Sd, 5P), indeed vanishes in the asymptoti¬ 
cally flat background. Using the fall-off behaviour (14.5b and the explicit form of e~ 2d @ A (d, P. dd, SP), 

e~ 2d @ A {d,P,6d,6P) = -4d B {e- 2d U AB ) 6d + e~ 2d T BC A Sn BC , (B.l) 

we obtain 

e~ 2d @ A (d, P, dd, 6P) = Oir 20 - 1 ). (B.2) 
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Further, since the integral measure at the spatial infinity behaves as d D 2 xab ~ 0(r l) 2 ) for a background 
with coordinates (14.21) (which includes the Schwarzschild black hole), assuming a = — [D — 3), we obtain 

2/ d D - 2 x AB e- 2d X^ A Q B \d,P,5d,5P) = 0(r- (D - 3) ). (B.3) 

JdM 

On the other hand, for a background with coordinates (14.3b (which includes the p-brane or the null-wave 
background), we have d d ~ 2 xab ~ 0(r D ~ p ~ 2 ). Assuming a = —(D — p — 3), we get 

2/ d D - 2 x A Be- 2d X^ A @ B \d,P,5d,5P) =0(r-( D - p ~ 3) ). (B.4) 

JdM 

Therefore, in both asymptotically flat backgrounds, e~ 2d @ A (d, P, Sd, 5P ) does not give any contribution 
to the global charge. This validates the approximation (13.45b . 


C Conserved global charge in Einstein frame 

Our formula (13.41b for the conserved global charge, restricted on the section, can be summarized as 

Q[X] = f d D - 2 Xllu y/\G\ e- 2 * (K^[X\ + 2 X^B^) , (C.l) 

JdM 

K pv [X] = 2 - H pup C p , B p = 2 G> w (25 ;/ 4> - d u In ^J\G\) - d v G pv , (C.2) 


where we parametrized the O(Z), D)-covariant DFT field variables in terms of the conventional Rieman- 
nian fields in string frame. In this appendix, we obtain the corresponding expression in terms of the Einstein 
frame metric. 

In order to obtain the expression, we use the definition of the Einstein frame metric, 

G^ = e^Gfl (C.3) 


to rewrite the DFT-Noether potential, K pu , and 2A^ / '7i' / l The DFT-Noether potential can be rewritten as 


- H pup G 


1 (string) 


= e D ~ 2 


2^1 -e"^2 *H> Jvp ( p + 


D -2 


^ p d u] d> 


n(E) 


(C.4) 


where an extra dilaton term appeared inside the bracket. On the other hand, rewriting of 2X^5 V 1 also 
produces an additional dilaton term, and they are cancelled with each other. We then obtain the expression 
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of conserved global charge in the Einstein frame: 


Q[X] = [ d D - 2 x,„J\G^\ (K^[X\ + 2 X^B^) , (C.5) 

JdM v 

K^[X\ := [2 ^ ( p ] (E) , : = -2 d v in - d v G^ . (C.6) 
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